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More than four decades ago, B.W. Lee and K. Symanzik proved that, in a generic set of 0(4) 
linear sigma models (LEM) in the / T — m 2 /A 2 half-plane, Ward-Takahashi identities, along with 
tadpole renormalization, i.e. a Higgs Vacuum Stability Condition, force all S-matrix ultra-violet 
quadratic divergences (UV-QD) to be absorbed into the physical renormalized pseudo-scalar pion 
mass squared, m 2 . We show that all such UV-QD, together with any finite remnants, therefore 
vanish identically in the Goldstone-mode limit, m 2 — > rn^. NGB . LSIlI = 0, where pions are Nambu- 
Goldstone Bosons (NGB) and axial- vector current conservation is restored, d^A^ — >• (i.e. when Lee 
and Symanzik's Goldstone Symmetry Restoration Condition is enforced, as required by Goldstone's 
theorem for the spontaneously broken theory). The scalar Higgs mass is therefore not quadratically 
fine-tuned in the spontaneously broken theory. Hence Goldstone-mode 0(4) LEM symmetries are 
sufficient to ensure that any finite remnant, after UV-QD cancellation, does not suffer from the 
Higgs Fine Tuning Problem or Naturalness Problem. This is contrary to the lore that quadratic 
divergences in the Higgs mass, observable already at 1-loop, lead to such problems in the 0(4) LEM, 
and are then directly inherited by the Standard Model; but it is consistent with 1-loop results found 
in canonical introductory quantum field theory textbooks where the cancellation of such 1-loop 
quadratic divergences is noted but its importance is not. 

It was recently shown that, including all-orders perturbative electro-weak and QCD loops, and in- 
dependent of 1-loop ultraviolet regularization scheme, all finite remnants of UV-QD in the Standard 
Model (SM) S-Matrix are absorbed into NGB mass-squareds rn^. N oB\SM) anf l vanish identically 
when rn\. NGB . SAI —¥ , i.e. in the spontaneously broken SM. The SM Higgs mass is therefore not 
fine-tuned. This paper's results on the 0(4) LEM lead us to a simple and intuitive understanding 
of that SM result, arising from the embedding of 0(4) LEM into the SM. 

PACS numbers: ll.10.Gh 



I. INTRODUCTION 

The idea that ultra-violet quadratic divergences (UV- 
QD) in the Standard Model (SM) require extreme fine- 
tunings in order to result in weak scale physics, has 
had enormous impact in motivating the possible exis- 
tence of Beyond the Standard Model physics, such as 
supersymmctry, technicolor, large extra dimensions, etc. 
These UV-QD are canonically demonstrated (at one- 
loop) in the 0(4) LY,M(eg. [52]), which is embedded 
in the Electroweak sector of the SM. It is then ar- 
gued that these 0(A 2 ) contributions to, say the Higgs 
mass-squared, must be fine-tuned against similarly large 
counter-terms to obtain a small O(10 4 GeU 2 ) Higgs mass- 
squared (within the LEM) and similar magnitude weak 
gauge boson masses. In this paper, we will show that, 
contrary to this lore the 0(4) LEM is perfectly well be- 
haved, i.e. there is no fine-tuning necessary to keep the 
Higgs mass small, in the "Goldstone mode limit" where 
the 0(4) symmetry is spontaneously broken, leaving be- 
hind three precisely massless Nambu- Goldstone Bosons 
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(NGB) [1-3]. This is because all UV-QD are contained in 
the mass squared of the NGB, so enforcing the Goldstone 
Theorem (i.e. that the NGBs are indeed massless) [2, 3] 
eliminates all UV-QD including that in the Higgs mass 
without fine-tuning. It also ensures the Higgs Vacuum 
Stability Condition (Higgs- VSC), that the physical vac- 
uum is stable against the spontaneous creation or disap- 
pearance of Higgs particles, although that is by necessity 
enforced even off the Goldstone mode limit. Notably, the 
Goldstone mode limit is precisely the appropriate limit of 
the 0(4) LEM for the SM, where those three massless 
NGBs of the 0(4) LEM are eaten by the three gauge 
bosons of the three broken generators of the SU(2)xU(l) 
symmetry. For the specific case of weak-scale Goldstone- 
mode 0(4) LEM, the Naturalness problem and the Higgs 
Fine- Tuning problem would have been the same prob- 
lem, which we here call the Higgs Fine- Tuning Problem 
(HFTP). We show that the 0(4) LEM theory docs not 
suffer from a HFTP in Goldstone mode. 

Although the recent trend has been to argue that the 
SM is only a low-energy effective theory of some more 
complete theory, our goal is to understand the properties 
of the actual SM. If the SM lacks fine-tuning problems 
related to quadratic divergences, then clearly the onus is 
on those proposing any extension of the SM to demon- 
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strate that they maintain that problem-free existence; for 
it would not be a problem of the SM, but of the exten- 
sion. Because we are interested only in the disposition of 
the the UV-QD of the SM, we turn our attention to the 
much simpler 0(4) LEM, which has the same UV-QD 
structure as the SM in the appropriate zero gauge cou- 
pling limit. The taming of logarithmic divergences and 
the calculation of finite renormalization contributions is 
not the subject of this paper, and it is important that 
those are sensitive to the difference between the SM and 
the 0(4) LEM. Because we are interested in the dispo- 
sition only of UV-QD arising from quantum loops in the 
0(4) LEM, and not in the logarithmic divergences or 
finite parts, we are able to treat the 0(4) LEM in isola- 
tion, as a stand-alone flat-space quantum field theory: 

• It is not embedded or integrated into any higher- 
scale "Beyond the 0(4) LEM" physics. 

• Loop integrals are cut off at a short-distance UV 
scale, A. 

• Although the cut-off can be taken to be near the 
Planck scale A ~ Mpi , quantum gravitational 
loops are not included. 

For pedagogical simplicity, we will ignore in all calcu- 
lations, discussions and formulae any logarithmic diver- 
gences and finite contributions from loops, as these are 
unnecessary to (and distracting from) our explanation of 
the absence of any fine-tuning demanded by quadratic 
divergences. Thus, while for dimension- 2 coefficients of 
relevant operators we will carefully distinguish between 
renormalized values of quantities (e.g. (H) 2 , f%) and 
the corresponding quadratically divergent bare counter- 
term coefficient 6(H) 2 , we will not distinguish between 
things that are only logarithmically or finitely renormal- 
ized, such as between bare fields/dimcnsionlcss couplings 
and their renormalized values. We will also drop all 
vacuum energy and vacuum bubble contributions as be- 
yond the scope of this paper. Furthermore, this paper 
concerns stability and symmetry restoration protection 
against only UV-QD. It docs not address any of the other, 
more usual, stability issues of the SM (cf. the discussion 
in, for example, [4], and references therein) or the 0(4) 
LEM (in part because the solutions to those issues are 
generically different in the SM than in the 0(4) LEM). 

In a recent paper [5], it was shown that, including all- 
orders perturbative electro-weak and QCD loops, and 
independent of 1-loop UV regularization scheme, all fi- 
nite remnants of ultra-violet quadratic divergences (UV- 
QD) in the Standard Model (SM) S-Matrix are absorbed 
into Nambu Goldstone Boson (NGB) mass-squareds 
m l;NGB-SM and vanish identically when ml. NGB . SM -> 
, i.e. in the spontaneously broken SM. Therefore, the 
SM Higgs mass is not fine-tuned. But, as a successful 
theory of nature, the SM is necessarily quite baroque, 
and sometimes even opaque. In this paper, we clarify 
that SM result by ignoring most SM parameters, gauge 
bosons and ghosts. We take the zero-gauge-coupling limit 



in 1PI 1-loop and multi-loop nested UV-QD. The result- 
ing Goldstone-mode 0(4) LEM, which is embedded in 
the SM, provides a simple and intuitive understanding of 
the results in Rcf. [5]. Fortunately for most readers, all 
relevant 0(4) LEM 1-loop Feynman diagrams were cal- 
culated and agreed on long ago. We refer the interested 
reader to that vast literature [6-45] for specifics. Moti- 
vated by that literature, we use Euclidean metric and the 
Fcynman-diagram naming convention of Ref . [6] . 
The structure of the remainder of this paper is: 

• Section 2 clarifies the correct renormalization of 
spontaneously broken 0(4) LEM coupled to Stan- 
dard Model (SM) quarks and leptons. Most of the 
calculations (if not the effective Lagrangian presen- 
tation) in Section 2A through 2E (and probably 2F) 
are not new and have been common knowledge for 
more than four decades. Specifically: 

— Section 2 A introduces the (fermion-free) 0(4) 
LEM in the f n vs. m 2 /\ 2 half-plane. 

— Section 2B calculates 1-loop UV-QD in 2- 
point self-energies and 1-point tadpoles and 
shows that Ward-Takahashi identities, to- 
gether with tadpole renormalization, i.e. a 
Higgs Vacuum Stability Condition (Higgs- 
VSC), force all these to be absorbed into 
the physical renormalized pseudo-scalar pion 
(pole) mass-squared m 2 . 

— Section 2C defines the HFTP which emerges 
in 1-loop-corrected m 2 ^ 0(4) LEM and, 
in particular, the m 2 ^ 0, f„ — > "Wigner- 
modc" limit. 

— Section 2D studies the opposite Goldstone- 
mode m\ = /tt 7^ limit, and shows that 
the Goldstone Symmetry Restoration Condi- 
tion (Goldstone-SRC) embedded there causes 
all remnants of 1-loop UV-QD to cancel iden- 
tically as ml -> ml. NGB . LSM = (exactly 
zero!), and the theory to have no HFTP there. 

— Section 2E extends our bosonic Goldstone- 
mode 0(4) LEM results to all-orders in loop- 
perturbation theory. 

— Section 2F further extends Goldstone-mode 
0(4) LEM results to include virtual SM 
quarks and leptons. 

• Section 3 presents some conclusions drawn from the 
arguments and calculations of the other sections. 

• Appendix A shows that the vanishing of 1-loop UV- 
QD in Goldstone-mode 0(4) LEM does not de- 
pend on the choice of n-dimensional regularization 
or Pauli-Villars UV cut-off regularization. 

• Appendices B and E show detailed calculations of 
1-loop UV-QD in 0(4) LEM with bosons and with 
virtual SM quarks and leptons, respectively. 
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• Appendix C discusses a subtlety which arises in 
Goldstone-mode 0(4) LSM when calculations be- 
gin using the Goldstone-mode Lagrangian. This 
results in the 1-loop UV-QD "Goldstone-mode 
Renormalization Prescription" (GMRP), which en- 
forces spontaneous symmetry breaking (SSB) and 
the Goldstone Theorem. The GMRP, when ex- 
tended to the SM, clarifies its no-HFTP result [5]. 

• Appendix D shows details for the extension of our 
results to all- loop-orders for Goldstone-mode 0(4) 
LSM. 



II. 0(4) LINEAR SIGMA MODEL, WITH 
EITHER MASSIVE PIONS m 2 0, OR NGB 
PIONS ml -»■ ml. NGB . LSM = 



Goldstone 
mode 




A. 0(4) LEM in the /„ vs. m'l/\ 2 half-plane 

We follow closely the pedagogy (and much of the nota- 
tion) of Benjamin W. Lee [40] and use the linear represen- 
tation of $ to make manifest the physical content of Higgs 
Vacuum Stability Condition (Higgs- VSC) tadpole renor- 
malization, as well as the exact not-fine-tuned cancel- 
lation of UV-QD, when a Goldstone Symmetry Restora- 
tion Condition (Goldstone- SRC) enforces the well-known 
Goldstone Theorem [2, 3] as ml — > ml. NGB — 0. We be- 
gin with the pure scalar bare Lagrangian: 



L 



LEA/ 



T/ Bare 
V LSM 



A 2 | *t$_ - {{H) 2 +5{Hf 



A 2 U^-^(H) 2 

r C ounterT erm 



eH (1) 



- Symmetry Breaking _ 
J LT.M ' 



where 



L CounterTerm = yS(H)' Z ( - -(H) 



j Symmetry Breaking jt 

lsa/ —en. 



(2) 



Here A 2 > 0, while 



1 



H + iir 3 



[ -7T 2 + 27Tl 



, 7T ± = — (7Tl =F 1^2) 



(3) 



H = h+(H), m 



(H) 




, and (h) = 0. 



Vacuum energy /bubble contributions are ignored. We 
assume A 2 = 0(1) and loosely refer to the real scalar h 
as the physical "Higgs." 

Apart from if w^rn^ry Breaking ^ theory has 0(4) 

symmetry with conserved vector currents (CVC) and 



FIG. 1. U vs. ml/X 2 half-plane; y 2 /A 2 = m 2 /A 2 - f 2 . 
(ml/X 2 > because A 2 > and m 2 > is the physical 
renormalized pseudo-scalar pion (pole) mass-squared, as seen 
from Eq. 7.) 0(4) symmetry is explicitly broken off the axes. 
Axial vector current conservation is restored on both the x- 
axis (Wigner mode) and the y-axis (Goldstone mode). On the 
x-axis the vacuum also respects the 0(4) symmetry. On the 
y-axis the vacuum breaks the 0(4) symmetry spontaneously. 



partially conserved axial-vector currents (PCAC) 



Vfj, = 7? x d u TT 



A a = frd u H - Hd u TT. 



Inclusion of explicit symmetry breaking yields 



W = 

d a Au = -en 



(4) 



(5) 



The first of the connected Green's function Ward- 
Takahashi identities, connecting the vacuum with the on- 
shell one-pion state of momentum q u reads [40-51] 



(0\Ai(x)\ir*(q)) = -ift Uq^e**** 



(6) 



where f T is defined as the experimental value of the renor- 
malized pion decay constant [40-51]. Its divergence is 



d n (0\AUx)\7r\q)}^^Uq 2 re 



(7) 



The final equality is due to the pion being on-shell, so 
to 2 > is the physical renormalized pseudo-scalar pion 
(pole) mass-squared. 

To all-loop-orders of perturbation theory, equations 6 
and 7 receive only logarithmically divergent and finite 
corrections [40-45], so that, including all-orders UV-QD, 
but ignoring (as un-intercsting for this paper) logarithmic 
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divergences and finite contributions: 

UmlH. 



(8) 



- Symmetry Breaking 
J LY,M 



B.W.Lee and K. Symanzik then analyze the generic set 
of quantum field theories in the vs. m 2 /A 2 half-plane 
(cf. Figure 1). 



B. Inclusion of 1-loop ultra-violet quadratic 
divergences 

The UV-QD 1-loop Lagrangian, evaluated at zero mo- 
mentum, including all 1-loop 2-point self-energy (Figures 
3, 4 and 5) and 1-loop 1-point tadpole-function (Figure 
6) UV-QDs, is (cf. Appendix B): 



j 1 — loop:A~ j~iUnrenorm',l — lo(yp\h * 2 / (T^t/Fj 

LEA/ - °LEM A 



(H) 



(9) 



with C 



U nrenorm:l — loop;A 



a dimensionlcss constant. The 



form of Eq. 9, explicitly calculated in Appendix B, fol- 
lows from Lee/Symanziks proof [40-51] that the theory 
is properly renormalized, throughout the vs. m 2 /A 2 
half-plane, with the same UV-QD graphs and counter- 
terms as the symmetric Wigner-mode limit: (H) 2 — > 
holding m 2 ^ 0. Noticing that at tree level the Higgs 
mass m 2 = 2X 2 (H) 2 , we suggestively (and recognizably 
[6]\ [38, 39] ) rewrite Eq. B8 (cf. Appendix B): 



^yUnrenorm:l—loop;A *2 
°LEA/ A 



(-6A 2 



A 



16tt 5 



(10) 



3m 2 



16ir 2 (H) 2 



A 2 



(Here " =" indicates that this is currently true only 
at tree level, although we shall find below that = 
2X 2 (H) 2 holds to all orders in loops.) 

The reader is reminded to take the Wigner-mode limit 
carefully, taking (H) 2 — > but holding A 2 fixed. Ap- 
pendix A shows that this result is independent of whether 



1 We agree with Veltmans [6] overall 1-loop SM UV-QD coeffi- 
cient, but his expression Eq. 6.1 for the relevant dimension-2 
operators with 1-loop UV-QD coefficients arising in 0(4) LSM, 
from virtual scalars, would read (i.e. if taken at face value 

and written in the language of this paper): ^M°%ector 



^SAI, ^Sector tX 

i 7r_|_7r_ — /„-/i)A 2 . Comparison with our UV-QD 
counter-term Eq. 2 reveals that Veltman's term is not 0(4) in- 
variant before SSB because of the relative minus sign (with which 
we disagree) between the Higgs self-energy 2-point operator and 
that of the Nambu-Goldstone Bosons. In contrast, our analo- 
gous expression and counter-term are manifestly 0(4) invariant 
before SSB, as they must be. If the relative sign in his Eq. 6.1 
is not a typographical error, it is impossible to cancel exactly all 
1-loop UV-QD in Veltman's paper. 



n-dimcnsional rcgularization or Pauli-Villars rcgulariza- 
tion is used. To fully exacerbate and reveal any HFTP, 
we imagine A ~ Mpi near the Planck scale. 

Using the bare Lagrangian if^M' we f° rirl a 1-loop- 
UV-QD-improvcd effective Lagrangian, which includes 
all scalar 2-point self-energy and 1-point tadpole 1-loop 
UV-QD (but ignores, for us un-interesting, 1-loop log- 
arithmically divergent, finite contributions and vacuum 
energy /bubbles) : 



- Ef fective;l — loop:A 
J LY,M 



J LT,M 



l-loop;A 2 
J LT,M 



(11) 



V, 



Renorm\l — loop;A~ 



LEA/ 



where 



V'Renorm;l — loop:A~ \2 



(H) 



(X 2 S(H) 2 +C^M n0rm]1 ~ l0 ° P ' A2 A 2 ) 



- f^m 2 h 
H) 2 



= A 



h 7T i 7T 

2 2 



(H)h 



(12) 



+((H)-f n )mlh 



h 7T4_7T_ 

2 2 + 



and 



- (X 2 5(H) 2 ^^ r A e I norm ' 1 - loop ' A2 A 2 ) . 



(13) 



Because of the way it enters Eq. 12, m 2 is the physical 
renormalized pseudo-scalar pion (pole) mass-squared of 
Eqs. 7 and 8. 

Insight into the tadpole term ((H) — f n ) m^h in Eq. 12 
follows by carefully defining the properties of the vacuum, 
including all effects of UV-QD, and imposing the Higgs- 
VSC on the vacuum and excited states: 
Higgs VSC: The physical Higgs particle must 
not simply disappear into the exact UV-corrected 
vacuum. 

For the purposes of this paper, we take the UV- 
corrected vacuum to be the UV-QD-corrected vacuum. 
It is important to note several things: 

1. The UV-QD-corrected vacuum includes all pertur- 
bativc UV-QD corrections, including 

• 1-loop when referenced in subsections II B, 
IIC and II D, 

• 1PI multi-loop when referenced in subsection 
HE and Appendix D, and 

• 1-loop 0(4) LSM with fermions in subsection 
II F. 

2. By definition, H = (H) + h, and ($t$) = UH) 2 is 
the exact vacuum expectation value (VEV). 

3. The physical Higgs particle h has exactly zero VEV: 
(h) = 0. 
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4. Exact tadpole renormalization is to be imposed to 
all orders in perturbation theory. 

It is important to realize that Higgs-VSC tadpole renor- 
malization does not constitute fine-tuning; rather it is a 
stability condition on the vacuum and excited states of 
the theory. 

Lee/Symanzik impose the Higgs-VSC essentially by 
hand [40-45] . They ensure that 

((H)-U)mlh = (14) 

in the entire f T — m 2 / A 2 half-plane by enforcing 2 

(H) = U. (15) 

After tadpole renormalization, the effective 1-loop 
Lagrangian (keeping 1-loop UV-QD, but ignoring un- 
interesting logarithmic divergences, finite parts and vac- 
uum energy/bubbles), can be re- written: 



- E f fective\l — loop;A 
J LY,M 



= -\d^\ — V LJ . M 



Renorm;l — loop,A 



Renorm;l — loop,A 



(16) 



f 

J 7T 



A 2 



| 2 - UmlH 



with 



H = h + U 



(17) 



Here m 2 is still the physical renormalized pseudo-scalar 
pion (pole) mass-squared of Eq. 13, and 



2A 2 /^ > ml. 



(18) 



A cross-section of y^2j rm ' 1 ~ loop ' A , with to 2 /A 2 — / 2 < 
and to 2 > is plotted in Figure 2. We observe that, 
because of the explicit symmetry breaking term f v m\H 
in Eq. 16, it is not possible to change the results of sub- 
sections IIC through II F, by changing to the unitary $ 
representation [4] or by re-scaling (H) (cf. Appendix C). 

The results (except the effective Lagrangian presen- 
tation and the inclusion of UV-QD into m 2 ) in this 
subsection are not new [40-45]. We simply observe here 
that Ward- Takahashi identities, together with Higgs- VSC 
tadpole renormalization, are sufficient to force all UV- 
QD in the S-Matrix of the 0(4) L~EM to be absorbed 
into the physical renormalized pseudo-scalar pion (pole) 
mass-squared, ml. We also remark that this is not sur- 
prising. The quadratic divergences are ultra-violet con- 
stants. They therefore retain no "memory" of the low- 
energy ((H) <C A) breaking of the 0(4) symmetry. H 
and h are the same to UV-QD, and, by the 0(4) symme- 
try, indistinguishable from the 7r\ 



2 This is distinct from the observation that in the Goldstone mode 
this Higgs-VSC condition (Eq. 14) is also guaranteed by the 
Goldstone-SRC, i.e. by m 2 = 0. Whether or not Eq. 15 can 
therefore be relaxed in Goldstone mode, does not change the 
conclusions of this paper. 



rRenorm 



H 



FIG. 2. Cross section of V LS ^ Tm ' ~ oop ' through its deep- 
est point and its local maximum, for fj 2 < 0, m\ > 0. When 
m\ — 0, the minima are degenerate, and V acquires the "bot- 
tom of the wine-bottle" symmetry. 



C. ml 0: A Definition of the Naturalness and 
Higgs Fine- Tuning Problems 

For to 2 ^ 0, the 1-loop-improved 0(4) LXM effec- 
tive Lagrangian (Eq. 11 or 16) has 1-loop UV-QD con- 
tributions from ^x,sAf P ' A C^Q' 9) to both the pion and 
Higgs masses. These arc cancelled by the counter-term 



^iSM ferTerm A (E'l- ^ ana - 2)' but may leave very large 
finite residual contributions: 



ml = -X 2 S(H) 2 + (6A 2 ) 



A 



16tt 2 



and 



= 2A 2 / 2 -A 2 ,5( J ff) 2 + (6A 2 



A 2 



16tt 2 



(19) 



(20) 



As expected, the natural scale of the coefficient of the 
relevant scalar 2-point operator is 5(H) 2 ~ A 2 . Now 
imagine weak interaction experiments require G Exp f 2 = 
0(1), where the weak scale is set by the experimental 
muon decay constant G Exp = 1.16637 x 10~ 5 GeV~ 2 = 
(292.807GeV)- 2 . 

Since f n is a free parameter (defined by Eq. 6 but oth- 
erwise not determined by the internal self-consistency of 
the theory), there is no problem in choosing its numer- 
ical value from experiment. But problems appear if ex- 
periments also require weak-scale Gjf xp ml — 0(1) and 



G Exp m 



A 



0(1). For Planck scale ultra-violet cut-off 

2 



Mpi, absorption of the UV-QD into m 2 and n 



requires fine-tuning 5(H) 2 to within (G Exp M Pl ) ~ 
10~ 32 of its natural value [6, 52-54]. This is a Higgs Finc- 
Tuning Problem and a violation of Naturalness which has 
been variously defined to be the demand that: 
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• observable properties of the theory be stable 
against minute variations of fundamental param- 
eters [52, 53]; and 

• electroweak radiative corrections be the same order 
(or much smaller) than the actually observed values 
[6]. 

The problem is widely regarded as exacerbated in 0(4) 
LEM (and the SM) because even if one fine tunes the 
parameters at 1-loop, one must retune them from scratch 
at 2-loop, and again at each order in loops. This is 
sometimes called the Technical Naturalness Problem For 
weak-scale 0(4) LEM with m 2 ^ , these problems are 
all the same problem, the HFTP. 3 

0(4) LEM in Wigner mode [40-45], with unbroken 
0(4) symmetry and four degenerate massive scalars (i.e. 
1 scalar + 3 pseudo-scalars) , is defined as the limit e = 
f^m\ — y 0, holding m 2 ^ while f v — > (i.e. the x-axis 
in Figure 1). The axial current is conserved, d^A^ = 0, 
in Wigner mode. 

Including 1-loop UV-QD (but ignoring logarithmic di- 
vergences, un-intcrcsting finite contributions and vac- 
uum energy/bubbles) the 1-loop-corrected effective La- 
grangian is: 



T E f fective\l — loop;A 
LJ2M 



where 



j E f fective;l — loop;A 2 
^WignerLSM 



L 



Ef fective;l—loop;A 
WignerLT.M 



-|^$| 2 -A 2 



$t$ 



2A 2 



with 



H -> h; (H) = ,U 



il = -\ 2 5(H) 2 + (p\ 2 



(22) 



(23) 



A 2 



16tt 2 



Wigner mode suffers HFTP while fine-tuning the Higgs 
and pion masses to an un-natural experimental value, 
ml < A 2 . 



D. Goldstone-mode weak-scale spontaneously 
broken 0(4) LEM is HFTP- free at 1-loop 

Goldstone-mode 0(4) LEM, with spontaneously bro- 
ken 0(4) symmetry, 1 massive scalar and 3 exactly mass- 
less pseudo-scalar Nambu-Goldstone Bosons, is defined 
as the other (not Wigner-mode) limit of the 0(4) LEM in 



3 Weak-scale 0(4) LEM also separately suffers a Weak Hierarchy 
problem because it is unable to predict or explain the enormous 
splitting between the weak scale and the next larger scale (e.g. 
classical gravitational physics Planck scale Mpi). We make no 
claim to address that aesthetic problem here. 



which e e /.mj ^ [40-45]. Namely f„ ^ while 
to 2 — > (i.e.. the y-axis in Figure 1). Including 1-loop 
UV-QD (but ignoring un-interesting logarithmic diver- 
gences, finite contributions and vacuum energy/bubbles) 
the 1-loop-corrected effective Lagrangian is: 



- Ef fective;l — loop:A 
J LY,M 



-> L 



Ef fective;l — loop:A 
Goldstone;LY,M 



where 



- Ef fective;l — loop;A 
J Goldstone;LY,M 



\d^\ 2 -X 2 



f 2 



(24) 



(25) 



with 



H = h + U. 



X 2 S(H) 2 + C 



Un — renorm\l — loop:A' 
LY.M 



JTL. 



n:NGB;LSM 



= 0, 



(26) 



l ir;NGB;LSM + 2A 2 / 2 = 2A^/ 2 



i 2 j- 2 



Insight into these equations requires carefully defin- 
ing the properties of the vacuum, including all effects 
of 1-loop-induced UV-QD, after spontaneous symmetry 
breaking (SSB). The famous theorem due to Goldstone 
[2] and proved by Goldstone, Salam and Weinberg [3] 
states that: "if there is continuous symmetry transfor- 
mation under which the Lagrangian is invariant, then 
either the vacuum state is also invariant under the trans- 
formation, or there must exist spinless particles of zero 
mass." The 0(4) invariance of the LEM Lagrangian 
Eq. 1 is explicitly broken by the eH term everywhere in 
the f„ — m 2 /X 2 plane, except of course for e = where 
it is restored. In Wigner mode (e = because m 2 = 0, 
but f„ ^ 0), the vacuum retains the 0(4) invariance. In 
Goldstone mode, the presence of a VEV for $ spoils the 
invariance of the vacuum state under the 0(4) symme- 
try, hence, by the Goldstone Theorem, there must exist 
three spinless particles of zero mass, the NGBs [1-3] with 

TO 7r;JVGS;LEA/ = 0- 

As shown by Lee [40], and Symanzik [41, 42], the 
Goldstone Theorem is not manifest ordcr-by-order in 
quantum loops as the 0(4) LEM is rcnormalizcd, and 
so in order to obey the Goldstone Theorem one must 
impose the Goldstone Symmetry Restoration Condition 
(Goldstone-SRC): After SSB, the Goldstone Theorem 
must be an exact property (to all loop orders) of the 
Goldstone-mode 0(4) LY,M vacuum and its excited 
states. It is noteworthy that: 



1. The Goldstone-SRC includes all perturbative 
quadratically divergent corrections, including 

• 1-loop when referenced in subsections II D and 
II F; 

• 1PI Multi-loop when referenced in subsection 
HE and in Appendix D. 
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2. In generic theories spanning the /„■ vs. m 2 /A 2 
half-plane (Figure 1), it would be necessary to 
impose this Goldstone-SRC (essentially by hand) 
in order to force the theory to the Goldstone- 
mode 0(4) LEM limit, i.e. onto the y-axis, 
m 2 -> ml. NGB -LT,M = °- (Where m 2 is the loop- 
induced Nambu-Goldstone Boson (NGB) mass (see 
Appendix C)). 

3. In more modern language, for spontaneously bro- 
ken 0(4) LEM , it is necessary to explicitly en- 
force the Goldstonc Theorem order-by-quantum- 
loop-ordcr so that the pions remain exactly mass- 
less to all orders of loop perturbation theory. That 
is the purpose of Lee/Symanziks Goldstone-SRC. 
One thus has no choice but to operate in the 

— m\ / A 2 half plane, because at each order in 
loops, m 2 reappears as an UV-QD plus countert- 
erm, and at each order ( or at least at the final order 
to which one calculates) one must explicitly take 
to realize the Goldstone 



The 



l tt;NGB;LT.M 



4. Since UV-QD (in the generic LSM theory's S- 
Matrix) are all packed into the physical renormal- 
ized pseudo-scalar pion (pole) mass-squared (as de- 
manded by 0(4) symmetry, and as shown by ex- 
plicit calculation[40]), the Goldstonc Theorem also 
forces any finite remnant of UV-QD to be exactly 
zero in the Goldstone-mode (i.e. spontaneously 
broken) limit of the theory. 

5. We have ignored infra-red (IR) subtleties as beyond 
the scope of this paper. 

It is easy to see that V LYjM m Eq. 16 

(shown in Figure 2 with m 2 ^ 0) only has NGB when 
"bottom-of-the-wine-bottle Goldstone symmetry is re- 
stored: i.e. in Goldstone mode with 



m„ — > m 



7T:NGB:LSM 







(27) 



is restored exactly and identically. Re- writing Eq. 11 
after tadpole rcnormalization 



T E f f ective;l — loop;A 
^Goldstone;LT,M 



-rrRenorm;l — loop: A" 
V Goldstone;LT,M 



where 



V, 



Renorrn:l — loop;A 



Goldstone:L'£l\l 

h 2 



= x 2 



-, 2 



— 1 r-- + 7T+7T- + f v h 



(28) 



~ m Tr:NGB:LSM 



h 7T + 7T_ 

2 2 



Here 



m 



-k;NGB:LT.M 



A 2 $(-Z?) 2 ^jUnrenorm; 1 — loop:A 2 



= -X 2 S(H) 2 + 6X 



LSM 

A 2 



16tt 2 



(29) 



The crucial observation here is that proper 1- 
loop enforcement of the Goldstone Theorem 
m t-NGB-LT,M = 0' requires imposition (essentially 
by hand) of Lee/Symanziks Goldstone-SRC [40-45] 



_ m 2 . NGB . L ^ M 



= -X 2 5(H) 



6A 2 



A 2 



Wtt 2 



(30) 



exactly and identically. Only at that point can we write 



V, 



Renorm;l—loop;A 



Goldstone; LSM 



h n 

— + y + + frrh 



(31) 



A 



f 1 

■I 7T 



A central observation of this paper is that, in conse- 
quence of SSB, careful definition of the 1-loop-UV-QD- 
improved vacuum, Higgs-VSC tadpole renormalization 
and Goldstone-SRC enforcement of the Goldstone Theo- 
rem, all finite remnants of 1-loop UV-QD contributions 
to the Higgs mass term in Eq. 28, 



l n;NGB;LY,M 



2 



(32) 



cancel identically, without fine-tuning, thus avoiding any 
Higgs Fine Tuning Problem. 

in Eq. 28 and 31 gives the sensi- 



- Ef fective;l — loop;A 
J Goldstone;LT.M 



ble, at worst logarithmically divergent and not-fine-tuned 
Higgs mass: 



ml = 2A 2 / 2 . 



(33) 



Before going forward, let us now summarize the gen- 
eral 1-loop and specific 1-loop Goldstone-mode observa- 
tions so far, and which are extended to all-loop-orders 
in subsection II E and Appendix D. We emphasize that 
most of the calculations in Section II are not new; rather, 
they have been common knowledge for more than four 
decades. What is new are certain observations that 
apply specifically to spontaneously broken 0(4) 
LEM (i.e. in Goldstone mode): 

1. Spontaneously broken 0(4) LEM must be viewed 
as a limiting case of Lee/Symanziks generic set of 
m 2 /X 2 > theories (i.e. the m 2 /X 2 = line (y- 
axis) in the f„ vs. m 2 /A 2 half-plane shown in Fig- 
ure 1), where two conditions must be explicitly im- 
posed on the 0(4) LEM vacuum and on Goldstone- 
mode excited states: 

• Higgs VSC: everywhere in the f w — m^/X 2 
half-plane the Higgs must not simply disap- 
pear into the vacuum, so (H) = f^; 

• Goldstone-SRC: the masses of Nambu- 
Goldstone Bosons must be fixed to exactly 
zero in the Goldstone-mode (y-axis) to enforce 
the Goldstone Theorem. 
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2. Ward-Takahashi identities and tadpole renormal- 
ization force all UV-QD in the S-Matrix to be ab- 
sorbed into the physical rcnormalizcd pseudo-scalar 
pion (pole) mass-squared m 2 everywhere in the 
half-plane. 

3. All 1-loop UV-QD divergences can be obtained 
by first calculating them in the unbroken theory 
(Wigner mode) and then breaking the symmetry 
throughout the half-plane, and specifically on the 
y-axis (Goldstone mode), where 0(4) is broken only 
spontaneously. These 1-loop results do not de- 
pend on choice of UV regularization scheme (e.g. 
n-dimensional or Pauli-Villars cut-off, as shown in 
Appendix A). 

4. All relevant dimension-2 operators (i.e. with 1-loop 
UV-QD coefficients) form a renormalizcd Higgs po- 
tential (Figure 2) that is well-defined everywhere 
in the half-plane and can be minimized at the 1- 
loop-corrected VEV. Although the coefficients of 
the relevant dimension-2 scalar self-energy-2-point 
and tadpole- 1-point relevant operators take their 
natural scale 8(H) 2 ~ A 2 , there is still no need 
to fine-tune away the UV-QD to get a weak-scale 
Higgs mass-squared m 2 l G^ xp ~ 0(1) if experiment 
so demands, once m 2 — > m'i-NGB-L'EM = 0, is fixed. 

5. The Goldstone Theorem insists that the NGBs are 
exactly massless, to 2 = 0. All UV-QD in m 2 , to- 
gether with all logarithmically divergent and all 
finite remnants, vanish identically and exactly as 
ml = 0. This forces all UV-QD in the S-Matrix 
to cancel exactly, with finite remnant exactly zero. 
They are not absorbed into renormalized parame- 
ters, including, but especially m\. 

6. The root cause of this fine-tuning-frce disappear- 
ance of UV-QD is imposition of a Higgs- VSC and 
a Goldstone-SRC on the spontaneously broken vac- 
uum and its excited states as demanded by Lee and 
Symanzik. 

7. Our no-fine-tuning-theorem for a weak-scale Higgs 
mass (in the spontaneously broken 0(4) LEM) 
is then simply another (albeit un-familiar) conse- 
quence of the Goldstone Theorem, an exact prop- 
erty of the spontaneously broken vacuum and spec- 
trum. 

8. There is no possibility (or need) to cancel 1-loop 
UV-QD between virtual bosons and fermions in the 
0(4) LEM. (After all, we have so far not allowed 
for any fermions.) 

9. It is un-necessary to impose any new Beyond the 
0(4) LEM symmetries or other physics: weak-scale 
spontaneously broken 0(4) LEM already has suf- 
ficient symmetry to force all S-Matrix UV-QD to 
vanish and to ensure that it docs not suffer a HFTP. 



10. The fact that all 1-loop UV-QD in the SM Higgs 
self-energy and mass cancel exactly after tadpole 
renormalization has been known [30, 39] for more 
than 3 decades. We have traced that SM result 
to the Goldstone mode 0(4) linear sigma model 
embedded in the spontaneously broken SM, giving 
a simple and intuitive understanding of the result of 
[5], i.e. that the SM Higgs masss is not fine-tuned. 

An important subtlety, which gives a clear 1-loop UV- 
QD "Goldstone-Mode Renormalization Prescription" 
(GMRP) for both Goldstone-mode 0(4) LEM and the 
Standard Model, is discussed in Appendix C. There we 
re-do the calculations and analysis in this section, but 
beginning with the Goldstone-mode 0(4) LEM bare La- 
grangian, Eq. 1 with e = 0: 



- Bare;A 

■ 'Goldstone-.L'SM 



(34) 



5(H? 



The subtlety arises after UV-QD cancellation, when en- 
forcing to 2 — > m^-NGB-L^M = an( l SSB and avoiding a 
"fine-tuning discontinuity." 

The same thing happens when SM calculations begin 
with the spontaneously broken SM bare Lagrangian: one 

in that GMRP, 



must enforce m\. SM 



1 tt;NGB;SM 



which is correct for the SM [5]. 



E. Goldstone-mode weak-scale spontaneously 
broken 0(4) LEM has no HFTP at any loop-order 

The reader should worry that cancellation of 1-loop 

UV-QD is insufficient to demonstrate that the theory 

does not require fine-tuning. UV-QD certainly appear 

at multi-loop orders and fine-tuning 8(H) 2 might yet 

be required. If each loop order contributed a factor 

h/lQir 2 ~ 10~ 2 , then cancellation of UV-QD to more 

than 16 1PI loops would be required to defeat a factor of 
G Ex PA 2 < 1Q -32 for A > Mph 

As we remarked above, B.W. Lee, and K. Symanzik 
renormalized generic 0(4) LEM (i.e. in the full — 
to 2 /A 2 half-plane of Figure 1) to all-loop-orders more 
than forty years ago. We simply remind the reader of 
their results [40-45], of important follow-up results [46- 
48] and of some accessible textbook presentations [49-51] 
relevant to this paper. In particular: 

• The UV divergence and counter-term structure is 
the same throughout the f„ vs. m 2 /A 2 half-plane 
(Figure 1), giving proper interpolation between the 
symmetric Wigner mode (f n = 0, m 2 ^ 0) and 
the spontaneously broken Goldstone mode (f n ^ 0, 

"4 = o). 

• The Ward-Takahashi Identity, CVC and PCAC 
(Eqs. 5,6 and 7) receive only logarithmically diver- 
gent and finite corrections. Ignoring those, but in- 
cluding all-orders UV-QD, Eq. 7 is still true and m 2 
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is still the all-loop-corrected physical renormalized 
pion (pole) mass-squared. 

Appendix D demonstrates just such exact cancella- 
tion and shows that 1PI multi-loop fine-tuning is un- 
necessary. Appendix D then shows that SSB, careful defi- 
nition of the vacuum - Goldstone-SRC enforcement of the 
Goldstone Theorem and Higgs-VSC tadpole renormaliza- 
tion - are sufficient to force all-loop-orders S-matrix UV- 

and to therefore vanish 



with 



E f f ,All — loop;A 



m 



tt:NGB:LSAI 







QD into ml (in L L ^ 
identically and exactly in the to 2 
limit. They are not absorbed into renormalized param- 
eters, such as the Higgs mass squared. There is no sur- 
viving remnant of UV-QD at any order of perturbation 
theory, nor is there a HFTP in UV-QD-corrected spon- 
taneously broken 0(4) LSM. 

It is easy to see from Appendix D that the observa- 
tions and lessons at the end of subsection II D can be 
extended to all orders of bosonic 0(4) LSM, at least 
in loop-perturbation theory. We now add fcrmions to 
the 0(4) LSM, and show that the spontaneously broken, 
0(4) LSM with Standard Model fcrmions remains free 
of any HFTP. 



F. 0(4) LEM in the f„ vs. m\j\ 2 half-plane with 
SM quarks and leptons 

All-orders renormalization of the generic bosonic 0(4) 
LSM was long ago extended to include parity-doublet 
fcrmions by J.L Gervais and B.W.Lee [44]. The full rea- 
soning necessary to secure renormalized inclusion of SM 
quarks and leptons in the vs. ml/X 2 half-plane is 
beyond the scope of this paper (i.e. involves infra-red 
and regularization subtleties [40-51]). We merely re- 
mind the reader of the key complication, that SM fermion 
masses vanish in the symmetric Wigner mode (/ w = 0, 
ml/X 2 ^ 0, as 



(35) 



If we couple SM quarks and leptons to 0(4) LSM in the 
usual way, then new UV-QD are proportional to Yukawa 
couplings squared, and appear only in coefficients of rel- 
evant dimension-2 scalar-sector operators. They are as- 
sembled and included in the scalar-sector effective La- 
grangian as in Section 2B. 

Wc focus on explicit calculation of 1-loop UV-QD con- 
tributions, due to SM quarks and leptons, in the generic 
/tt vs. ml/X 2 half-plane. The total UV-QD 1-loop La- 
grangian, calculated in Appendix E (Eq. E7) is 



jl-loop;A _ 
^LSM+SMqSzl ~ 

^fUnrenorm-l—loop;A 2 * 2 
^LZM+SMq&l A 



(36) 



- -(H) 2 



y~iUnrenorm\l—loop\A _ 
U LSM+SMq&l 

UA J -k<^ 2-~i quarks 



(37) 



quark 



-4£ 



flavor 9 
777 

leptons lepton 



Wir 2 (H) 2 

recognizable as the zero-gauge-coupling limit of 1-loop 
UV-QD in the SM [6, 38, 39], where to this order 
-6A 2 / 2 = -3m 2 , 

After Higgs-VSC tadpole renormalization (cf. subsec- 
tion II B), the effective scalar-sector Lagrangian, keeping 
1-loop UV-QD (but ignoring un-interesting logarithmic 
divergences, finite parts and vacuum energy/bubbles) 
can again be written: 



j E f f ective;l — loop;A _ 
^LEM+SMq&d;® 



_|0 $|2 _ yRenorm;! 



loop;A 
LEM+SMqkl 



V, 



Renorm;l — loop,A 



LIlM+SMq&l 



(38) 



f 

J TV 



A 2 



UmlH 



with 



Here 



H = h + f„. 



(39) 



'A I \ 2 r / tt\ 2 i / «( / ( norm : I / 

m w = -[X 5(H) +C LSM+SM ' qSd 



(40) 



\ 2 | /^iU nrenorm;l — loop\A 2 \ 

is still the physical renormalized pseudo-scalar pion 
(pole) mass-squared, and 

ml ^m 2 +2A 2 / 2 >m 2 . (41) 

Once again, the physical renormalized pseudo-scalar pion 
pole mass-squared m 2 has absorbed all 1-loop UV-QD, 
which now includes those from virtual SM quarks and 
leptons. Therefore, the results in each of the sections 
above are generalized to include all UV-QD traceable to 
virtual SM quarks and leptons: 

• Section II C (1-loop): At 1-loop the generic 0(4) 
LSM in the f n vs. ml/X 2 half-plane of Figure 1 
(i.e. away from the y-axis, m 2 = 0), and including 
Wigner mode (x-axis), has (additional) surviving 
finite remnants of UV-QD due to virtual SM quarks 
and leptons, and continues to have a HFTP. 



• Section II D (1-loop): It is obvious that 
in Eq. 38 and Figure 2 has 



t rRenorm;l — loop; A 
V LZM+SMq&l 



Nambu-Goldstonc Bosons only when "bottom-of- 
thc-winc-bottlc Goldstone symmetry is restored, 
i.e. in Goldstone mode on the m 2 = line. After 
Goldstone-SRC, the Goldstone Theorem forces all 
1-loop UV-QD and their finite remnants to vanish 
exactly and identically: 



= -X 2 S(H) 2 - 
-6A 2 / 2 +4Y> 2 „ arfe + 4y> 



(42) 



J lepton 



16tt 2 (H) 2 



A 



— > m 



m l 



Ti;NGB;LT,M+SMq&l 
2 t 1 



= 



2A 2 / 2 , 
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where the sum is over all flavors, and for quarks 
over all colors. 

• Eq. 42 fixes the numerical value of 8{H) 2 so that 
there is exactly zero finite remnant after UV-QD 
cancellation, is still the physical renormalized 
scalar Higgs pole mass-squared: it is still not fine- 
tuned. Therefore, including virtual SM quarks, 
leptons and scalars, spontaneously broken 0(4) 
LSM has no surviving finite remnants of cancelled 
1-loop UV-QD and therefore has no HFTP. 

LE f fective:l — loop:A 2 /-, i \ rm 1 i 

Goldstone-L^M+SMqScl^ (1-loop): The 1-loop 

Goldstone-mode scalar-sector effective Lagrangian, 
including all 1-loop UV-QD effects due to virtual 
scalars and SM quarks and leptons, is as given in 
Eq. 38 with = 0. This is the same as Eq. 31. 
Therefore 

j Ef fective;l — loop;A 2 _ j Ef fective;l — loop:A 2 / ^ q\ 

^Goldstone;L?.M+SMqhl\<5> ~ L 'Goldstone;LZM;<i> • y^ 6 ) 

• Section HE (1PI multi-loops): Calculation of 1PI 
naive degrees of divergence reveals [40-51] that UV- 
QD can only appear in the scalar sector efective 
Lagrangian, where they are exactly cancelled by 
scalar sector counterterms. Therefore, when in- 
cluding UV-QD traceable to virtual SM quarks and 
leptons, the 1-loop observations and lesson in Sec- 
tion II D are generalized in to all-perturbative-loop- 
ordcrs. 

• That all 1-loop UV-QD due to virtual SM fermions 
cancel exactly in the SM Higgs self-energy and 
mass cancel after tadpole renormalization has been 
known [30, 39] for more than 3 decades. 

III. CONCLUSION 

Belief in huge non-vanishing remnants of cancelled 
ultra-violet quadratic divergences, and consequent fine- 
tuning problems in field theories with fundamental 
scalars, fruitfully formed much of the original motivation 
for certain proposed Beyond the Standard Model (BSM) 
physics. A partial list would include: Technicolor [52], 
low-energy supersymmetry [55] , little Higgs theories [56] 
and Lee- Wick theories [57]. 

Susskind [52] was probably the first to motivate BSM 
physics out of concern for fine-tunings in the scalar sector. 
He argued that fundamental scalars are bad because they 
lead to quadratic divergences that must be fine tuned 
away. The motivation for technicolor was to replace the 
fundamental scalar Higgs doublet with a composite con- 
densate of new fermions, called techniquarks, with QCD- 
like confining interactions. Fundamental scalars do result 
in quadratic divergences that must be fine tuned away 
under many circumstances {e.g. in Section II C) , and 
so most renormalizable field theories with fundamental 
scalars do have a scalar fine-tuning problem. However, 



as we have showed, the Goldstone Theorem can protect a 
limited number of scalars (at least those in the same mul- 
tiplet as the Nambu- Goldstone Bosons) from such fine- 
tuning problems. The 0(4) Linear Sigma Model (LSM) 
with one Higgs doublet, the same scalar structure as the 
standard model (SM), is one example of such a theory 
that is protected in Goldstone mode, i.e. when spon- 
taneously broken. This is an important loophole in the 
canonical objection to fundamental scalars. More par- 
ticularly, it is a loophole that the stand-alone Standard 
Model, unadorned by BSM physics, makes use of [5] so 
that the SM Higgs mass is not-fine-tuned. 

Low energy supersymmetry (SUSY) aims to solve the 
Higgs fine-tuning problem by the miraculous cancellation 
of the quadratically divergent portion of the loop contri- 
butions of particles against those of their superpartners. 
The key observation is that if the particle is a boson it's 
superpartner is a fermion, and vice versa - the —1 that 
fermions pick up in loops relative to bosons is key to un- 
derstanding this cancellation. (But not sufficient - the 
numerical values of the coefficients must be equal, and 
are as a consequence of the supersymmetry.) Low en- 
ergy SUSY might be used to solve the scalar fine-tuning 
problem of theories that have one. However, since the 
spontaneously broken 0(4) LEM(and the SM [5]) does 
not have this problem, low energy SUSY can only solve 
the scalar fine-tuning problems of BSM physics. For ex- 
ample, Grand Unified Theories will generically have a 
Higgs fine-tuning problem, as finite contributions to the 
Higgs mass-squared will be of order the GUT scale, and 
will need to be fine tuned down to the weak scale. Thus 
SUSYGUTs can make use of low energy SUSY to avoid 
a Higgs Fine- Tuning Problem. 

The role of the Goldstone Theorem in taming the 
Higgs fine-tuning problem in spontaneously broken 0(4) 
LSM (and the Standard Model [5]) appears to have 
gone unnoticed. As we have shown, because quadratic 
divergences are sensitive only to ultraviolet physics, the 
0(4) symmetry forces the quadratically divergent contri- 
butions to the Higgs mass-squared to be identical to those 
of the other three bosons in its multiplet. This is true 
whether the 0(4) symmetry is spontaneously broken, ex- 
plicitly broken or unbroken. In the unbroken (Wigncr- 
modc) and explicitly broken phases of the theory, this 
still leaves a fine-tuning if the boson masses are meant to 
be small compared to whatever scale the cutoff is taken 
to be. However, in the spontaneously broken phase the 
Goldstone Theorem guarantees that the companions of 
the Higgs arc exactly massless Nambu- Goldstone Bosons, 
and thus automatically eliminates any common UV-QD 
contributions to the masses of the NGBs and the Higgs. 

It appears that the requirement that the Higgs vacuum 
is stable (against spontaneous appearance or disappear- 
ance of physical Higgs) fixes the natural scale of the re- 
maining contributions to m\ to be by requiring that 
the Higgs vacuum expectation value (if) be exactly equal 

to fa = (G^ xp /V2)~ 1/2 . This leaves m\ to pick up only 
finite and logarithmically divergent contributions. 
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We have shown that S-Matrix UV-QD sum exactly 
to zero in the spontaneously broken 0(4) LEM. This 
is traced to the UV-QD Goldstone-Mode Renormaliza- 
tion Prescription (see Appendix C): after Higgs- Vacuum 
Stability Condition tadpole renormalization, the UV- 
QD-corrected theory requires explicit enforcement of the 
Goldstonc Theorem by imposition of Lee/Symanzik's 
Goldstonc-Symmctry Restoration Condition. All S- 
Matrix UV-QD, and their finite remnants, therefore van- 
ish identically. Our no-fine-tuning-theorem for a weak- 
scale Higgs mass is therefore simply another (albeit un- 
familiar) consequence of the Goldstone Theorem, an ex- 
act property of the 0(4) LEM vacuum and excited 
states. It is un-necessary to impose any new symmetries 
or new physics: Goldstone-mode 0(4) LEM already has 
sufficient symmetry to force all S-Matrix UV-QD rem- 
nants to vanish identically and to ensure that there is no 
Higgs Fine Tuning Problem. 

Although the stand-alone Goldstone-mode 0(4) LEM, 
with loop integrals cut off at some much higher energy 
UV scale , is insensitive to that higher scale (up to terms 
proportional to ~ In A), that may be spoiled if it is em- 
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Appendix A: Relation between 1-loop UV-QD in 
dimensional regularization and Pauli-Villars 
regularization 

M.J.G.Veltman proved more than 30 years ago [6] that 
the Passarino and Veltman A(m 2 ) and B22 (q 2 , rn\ , m|) 
functions [7, 8] can be made to properly capture and rep- 
resent UV-QD in the SM (if certain subtleties are obeyed) 
in both n-dimensional regularization (i.e. with poles at 
n = 2) 



but 



A{m 2 ) = 



d n k 1 

in 2 k 2 + m 2 
d n k 



(Al) 



k^k v 



i-K 2 (k 2 + m 2 )((k + q) 2 + m 2 ) 



S^B 2 2(q 2 , m\, m 2 ) + q fl q v B 2 \{q 2 , m\, m\) 



and 1-loop integrals with an ultra-violet cut-off A : 



A(m 2 ) cx r (l-'l 



(A2) 



n— Ml .9 2 1 / 1 , A" 

-> A 2 - m In I H 



{2~n)A(m 2 ) cx r (2 - -) 



(A3) 



A 2 



> ~ m In 1 H ^ + finite 



Meanwhile 

nB 2 2{q 2 ,m\,m\) - A(m 2 ) 



(A4) 



n->4 . 2 T A 



> ~ m In 1 H + finite . 

\ mr J 

The vanishing of UV-QD in Goldstone-mode 0(4) 
LSM does not therefore depend on whether dimensional 
regularization or Pauli-Villars UV cut-off regularization 
is used. 



Appendix B: 1-loop UV-QD Lagrangian, £^/jJ7 P,A , 
in 0(4) LEM (without fermions), in the f n — m^/A 2 
half-plane 



We are only interested in UV-QD contributions to 1- 
loop effective Lagrangians: these can be evaluated at zero 
momentum. 



1. 1-loop 2-point functions 

The UV-QD contributions of 1-loop 2-point hh Higgs 
self-energy diagrams [6, 38, 39] (Figure 3) to the 1-loop 
UV-QD 2-point Lagrangian are (with the Feynman dia- 
gram naming convention of Ref. [6]): Pqa with virtual 
7r 3 I P9B with virtual n±, and Piq with virtual h): 



- l — loop;2—point;A 
J LT,M:hh 



h 2 

A 2 (P9A+P9B +Pw) y (Bl) 



with 



P9A 



A 2 



A 



167r 2;P9B ~ "I67r 2 '" lu ~ "16tt 2 

The UV-QD contribution of each of the 1-loop 2- 
point 773-713 neutral-pseudoscalar self-energy diagrams 
(Figure 4) in L L ~^M P ^ 2 ~v omt ' A ; an( j ^ ne l_l op 2-point 
chargcd-pscudoscalar 7r_7r + self-energy diagrams (Fig- 



r5 Pw 



(B2) 



ure 5) in L 



l — loop:2—point:A 
LEM;ir_7r + 



are related (by explicit cal- 



culation and by 0(4) symmetry) to their associated 1- 
loop 2-point hh Higgs self-energy diagrams (Figure 3) 

in L\^M P hhr P ° mt ' A by Clebsch-Gordon coefficients and 
combinatorics. 

Adding all these into the UV-QD 1-loop 2-point La- 
grangian gives: 



- 1 — loop\2— point\K 
7 LEAf:*t$ 



L 



l — loop;2—point;A 
LSMihh 



+L 



l — loop;2—point:A 



A (p 9 A + P9B + Pw) ( ~n I o ^ 7F + 7r - 



- l — loop;2—point;A 
j L£M;tt-TT + 

h 2 ~ 2 

2 



(B3) 



13 



K 3 



Tl3 




71+ 



FIG 



o r~i l j_ -l j_* r 1 — loop,2 — point ; A 

3. Graphs contributing to Li LJ , M !^ h 



7C+ 



Tt 3 



FIG. 4. Graphs contributing to L 1 L ^° p ^ 7I J'° lnt ' A 



2. 1-loop 1-point functions 

With (H) 2 > the theory also receives UV-QD con- 
tributions from 1-loop 1-point (H)h tadpole diagrams 
[6, 38, 39] (Figure 6): T\a with a virtual tt^ loop, Tib 
with a virtual -k± loop, T4 with a virtual /i loop). 

The contributions of these tadpole diagrams to S- 
matrix elements (e.g. boson propagator tadpole inser- 
tions) can be incorporated via a 1-loop 1-point tadpole 
Lagrangian 

4£M^>r" t;A2 = (tiA + tm + U) A 2 h. (B4) 

But explicit calculation (or 0(4) symmetry [6, 38-45, 50] 
and visual comparison of Figures 3 and 6 ) shows that the 
UV-QD in each of the 1-loop 1-point tadpole diagrams 
is proportional to the UV-QD in its associated 1-loop 
2-point Higgs self-energy diagram: 

h A =P9A{H), tiB=P9B(H), U= Pw (H), (B5) 

so that 

LltM-Wr^ 2 = (P9A+P9B+ PW )A 2 (H)h. (B6) 

We can therefore form the total UV-QD 1-loop 0(4) 



LSM Lagrangian 

L 1 -^ (B7) 

_ T 1 — loop\2 — point ;A 2 . j 1 — loop;l — point;A 2 
~ ^L£M;*t$ ' LY,M\{H)h 

fh 2 IT 2 \ 
= {P9A + P9B + Pio) A 2 ( — + -j- +TT+TT- + (H)h\ 

= C^ normil - loop '' A2 A 2 (V$ - \{H) 2 ^j 
where 

,^iU nrenorm:l — loop:A 2 / . \ /-r> o\ 

^LXM = (P9A+P9B +PW) (B8) 

6A 2 
~ ^16^2 ' 



Appendix C: Goldstone-Mode Renormalization 
Prescription (GMRP) and the fine-tuning 
discontinuity 

In order to better understand a correct self-consistent 
renormalization prescription for the SM, we re-do the 
calculations and analysis of Section II D, but beginning 
with the Goldstone-mode 0(4) LSM bare Lagrangian, 
i.e. Eq. 1 with e = 0. 

j- Bare; A 2 _ 10 irBare;A 2 (C y '\ \ 

^Goldstone;LY.M~~\°^\ ~ V Goldstone:LSM \~ 1 1 
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7U+ 



71+ 



71+ 



7C+ 



FIG. 5. Graphs contributing to L l L ^° p 1 ^ 7r polnt ' K 




T 4 



<H> 



X 



1A 



, 3 



<H> 



IB, 



,TC+ 



<H> 



FIG. 6. Graphs contributing to ^j^wm^ ° mt:A 



with 



and 



TrBare;A" \2 

V Goldstone:LT,M— A 



- ~({H) 2 + 8{H) 2 ) 



(C2) 



= A 



- L 



CounterTerm;A 
LY.M 



where 



- C ounterT erm;A 



= A 2 <5(#) 2 -(H) 



H = h+ (H),and(h) = 0. 



(C3) 



We continue to ignore vacuum energy. Using this bare 
Lagrangian and the 1-loop UV-QD result in Eq. 10, we 
form the 1-loop-UV-QD-improved effective Goldstone- 
mode 0(4) LEM Lagrangian, which includes all scalar 
2-point 1-loop UV-QD self-energies and 1-point 1-loop 
UV-QD tadpoles (but ignores un-interesting 1-loop log- 
arithmically divergent, finite contributions and vacuum 
energy /bubbles): 



- Effective;l — loop;A 
J Goldstone;L£M 



where 



- Bare;A^ 
J Goldstone;LT,M 



LEM 



-13 



L 

Renorm;l — loop\A 



(C4) 



<J>I 2 — V 

C^l v Goldstone;LSM 



-irHerLorvci\\ — loop\K" i 2 

V Goldstone- LVM ~^ 



2 



1 -k;NGB;LY,M 



2 
2 



. + (H)h (C5) 
-TT4-ir- + (H)h 



1 tt:NGB:LI:M- 



\ 2 6(H) 2 - 



-6A 2 
16tt 2 



(C6) 



A 1-loop-induced finite (after cancellation of 
UV-QD) mass-squared ^^-j^gb-lViM the three 
Nambu-Goldstone Bosons has appeared! But 

it is only an artifact of not having yet properly en- 
forced the Goldstone Theorem - a contribution to the 
physical renormalized pion mass-squared appearing in 
Lee/Symanzik's generic 0(4) LEM theories before tak- 
ing the Goldstone-mode limit. In other words, quan- 
tum loops have moved the theory off the Goldstone-mode 
(m 2 = line) into the interior of the f n vs. m 2 /X 2 half- 
plane (Figure 1). Proper renormalization must move it 
back onto the m 2 = line [40-45] in order to enforce 
the Goldstone Theorem. We note that the Higgs Vac- 
uum Stability Condition is automatically satisfied when 
rn 2 = (but not elsewhere in the vs. rn^/A 2 half- 
plane). This "miracle" [50] is none other than the 0(4) 
invariance. 

Section II D proves that the self-consistent UV-QD 
GMRP for 0(4) LEM is to impose Lee/Symanzik's two 
conditions: 

1. Goldstone SRC: X 2 S(H) 2 is used to set 
m 'i-NGB-L'SM to zero identically, with exactly 
zero finite remnant, and restore axial current 
conservation. 

2. HiggS VSC: Set (H) = ffoFineTuning tQ th{J 

experimental value, its name emphasizing that 
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fine-tuning is un-ncccssary for a weak scale 

^NoFineTunvngy- QExp = Q^y ( Notc that that 

is necessary, even though it would appear that the 
Goldsonc-SRC eliminates all tadpoles, because the 
theory must be well-behaved off as well as on the 
Goldstone line. ) 



We now recover Eq. 31: 

m ^T-NGB-LSM = 



(C7) 



t zRenorm;! — loop\A~ \ 2 

V Goldstone;LSM ~ A 



1 9 



H =h+ fNoFineTumng ^ = Q. 

This prescription clearly generalizes to include SM quarks 
and leptons (Section II F) and all-loop-orders (Sec- 
tion HE), in Goldstone-modc 0(4) LSM. 

Fine-tuning discontinuity: Ignoring vacuum en- 
ergy, re-write the Goldstone-mode 0(4) LSM 1-loop 
Eq. C5 as: 



V, 



Renorm;l — loop:A' 



Goldstone: LEM 



^V 



(h+(H)y Trf 

+ Y +n + n- 



(C8) 



1 /tt\2 m -K;NGB;LSM 

2 [(H) - 



A 2 



1 



^t^) _ ^jFineTuned^ 



where 



FineTuned\ _ /JJ\^ 



l -k;NGB;LSM 



A 2 



(C9) 



= {H) 2 + S(H) 2 
and re-scale the Higgs VEV 

H = h + fF' meTmed , w ith (h) 



(-6) 



0. 



A 2 



16tt 2 



The temptation is to regard the Higgs VEV in Eq. CIO as 
fine-tuned. If it were, the two different rcnormalization 
approaches, Eqs. (31 and C8) would generate a "fine- 
tuning discontinuity" in the 1-loop UV-QD rcnormaliza- 
tion of Goldstone-mode 0(4) LSM: 



FineTuned\2 



A 2 



NotFineTuned\2 



16tH 



l tt:NGB;LSM 

A 2 



r (en) 



(C12) 



even after cancellation of UV-QD. But Lee/Symanzik 
provide the self-consistent way out of this nasty discon- 
tinuity: i.e. they insist that Goldstone mode is simply 



the 



line (y-axis) in the f n vs. m 2 /A half-plane 



(Figure 1) [40-45]. This is essential - to realize that the 
0(4) LSM must be defined in the half-plane because 
the quantum loops contribute to m 2 . Everywhere in the 
plane, the UV-QD are cancelled by counter-terms, but 



only on the Goldstone line does the Goldstone Theorem 
force to 2 to have a specific value <C A 2 , namely m 2 = 0. 
The Goldstone-Mode UV-QD Rcnormalization Prescrip- 
tion, m 2 ml. NGB . LSM = 0, then forces 

Ml = (C13) 
identically, with exactly zero finite remnant. 



Appendix D: Finite remnants of cancelled UV-QD 
vanish identically in Goldstone mode 0(4) LSM to 
all perturbative loop-orders. The Higgs mass is not 
fine-tuned. 

B.W.Lee and K.Symanzik rcnormalizcd generic 0(4) 
LSM to all-loop-orders throughout the vs. m 2 /A 2 
half- plane [40-45] . Aside from vacuum bubbles (ignored 
here), they proved that 1PI multi-loop UV-QD can only 
appear in the coefficients of: 

• Scalar-sector 2-point operators proportional to 

• Scalar-sector 1-point tadpole operators, whose 1PI 
loops contain at least one 3-boson vertex. 

It was then shown that the counter-term Lagrangian 

n 2 , _2 



T CounterTerm:A 2 \ 2 r / rr\ l( ^ ^3 / tt\ j 

LSM = A S \ H ) ( Y^ + ' K +'K- + {H)h 



(Dl) 



is guaranteed to remove all 1PI UV-QD in the S-Matrix 
[40-51]. It follows that the multi-loop UV-QD contribu- 
tion can be written 



All — loops\A 
J LSM 



(D2) 



C 



U nrenorm;All — loops;A' 
LSM 



-7T + 7T_ 



(H)h) A 



( C1 °) with C LSM ((iJ) 2 ,A 2 ,m 2 ,m 2 =m 2 +2A 2 (iT) 2 ) a finite 



constant that is dependent (because of nested divergences 
within multi-loop 1PI graphs) on the finite physical input 
constant parameters of the theory. The ratio 8(H) 2 /A 2 
is self-consistcntly taken to remain finite as A 2 — ¥ oo . 

Now form the all-loop-UV-QD-improvcd effective La- 
grangian, including all-orders scalar 2-point self-energy 
and 1-point tadpole UV-QD (but ignoring un-interesting 
logarithmically divergent and finite contributions and 
vacuum energy/bubbles): 



j E f f ective;All — loop;A 2 j Bare;A 

LSM ~ LSM 



All — loop:A 



LSM 

Renorm\All — loop\A* 
LSM 



,(D3) 



where 



V, 



Renorm:A — loop:A~ 



LSM 



2 



(H)h 



(D4) 



h 7r_i_7r_ 

2 2 + 



+ ({H)-U)mlh. 
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Here 



and 



^lUnrenorm^All — loopjA ^2 



-X Z 5(H) Z + C 



LHAI 



2X 2 (H) 2 > ml 



(D5) 



L h — "'7T "T V"/ ^ "»7T! (D6) 

Once again, m^., the all- loop-corrected physical renor- 
malized pion (pole) mass-squared (and the solution to 
a highly non-linear equation), has absorbed all UV-QD, 
this time to all perturbative loop-orders [40-45]. 

To force the theory to Goldstone mode, 
Lce/Symanzik's two conditions are imposed: 
Higgs VSC Tadpole renormalization: The physical 
Higgs particle must not simply disappear into the exact 
UV-QD-corrected vacuum, defined in Section II A: 



(H) = f 7r ;H = h + f n ;(h)=0 



(D7) 



Thus 



Renorm;All — loops:A 



LT.M 



X 



Umlh 



2 1 J * 



X 2 



with 



m h = in 



\ 2 S(H) 2 

1 2X 2 f 2 > ml, 



j^ill nrenorm;All — loops;A * 2 



(D8) 

(D9) 
(D10) 



A,- £ t rRenormiAll — loopsiA 

cross-section of V LTiM 



(through its ab- 
solute minimum and its local maximum) is plotted in 
Figure 2. 

Goldstone-SRC: NGB masses must be identically and 



exactly zero: 



l tt:NGB-LY,M 



0. Thus 



= ml. NGB . LSM (Dll) 

\2r/u\2 s~iUnrenorm\AU—loops;A 2 / £ 2 \2 n o\2f2\A2 

= —A 6(H) -C LYiM (f„, A ,0,2A /J A 

But m 2 is not only the coefficient of ^ir 2 and of 7r + 7r_ , the 

t rRenorm:All — loops;A 2 / r r x-* A \ j 

pion mass terms m V L ^ M (cr. Eq. D4), and 

1 ,i rr x • T E f fective:All — loops:A 2 

nence in the effective Lagrangian ^ L ^ M .^ 
(cf. Eq. D3). m 2 is also, by naive power counting, the 
quadratically divergent coefficient of \h 2 , the Higgs mass 
term. Therefore m\ not only is not quadratically diver- 
gent, but there are no finite remnants of the cancellation 
of the quadratic divergences. This is achieved without 
fine-tuning because it is a direct consequence of the Gold- 
stone Theorem for spontaneously broken 0(4) LEM, not 
a choice. Furthermore 



- Effective;All — loop;A- 
J Goldstone;L£M 



V, 



(D12) 

Renorm;All — loop\A 2 ^-j-^ 13) 



Goldstone\LT,M 



where 



r, 



Renorm;A — loop; A 



LEA/ 



(D14) 



V 7r_i_7r. 

2 2 



+ Uh 



gives the sensible, at worst logarithmically divergent and 
not-fine-tuned Higgs mass: 



m 2 h = 2X 2 f 2 



(D15) 



Appendix E: Virtual SM quark and lepton 
contributions to the 1-loop UV-QD Lagrangian in 



the f w 



' T /X half-plane. 1-loop-UV-QD-improved 



Goldstone-mode scalar-sector effective Lagrangian 

UV-QD contributions to the 1-loop effective La- 
grangian can be calculated at zero momentum. In- 
cluding virtual SM quarks and leptons (Reference [6]: 
graphs P\i;i where i runs over these fermions), 1-loop 2- 
point function hh Higgs self-energy diagrams (shown for 
the representative third-generation quarks and leptons in 
Figure 7): 




FIG. 7. Graphs of third-generation quarks and leptons con- 

, -i ,■ . r 1 — loop, 2 — poiiil 
tnbutmg to L^M^Mq&l;/ 

the other two generations. 



tributing to i^EM+SMq&r^'^ ■ There are identical graphs for 



1 



^M^SlISd-hh = A2 (PSA + P9B +PW+Pll)^h 2 



with 



Here 1 



Pu = Pn <' 

i— fermions 



i^Pll-.i = Vi 



(El) 
(E2) 

(E3) 
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is the square of the Yukawa coupling to the ith fcrmion 
[6, 38, 39]. 

With (H) 2 > 0, the theory also receives 1-loop 1-point 
function (H)h tadpole diagrams [6, 38, 39] (Ref. [6] nam- 
ing conventions: graphs T 6;i , where i runs over all virtual 
SM quarks and leptons). (These are shown for the repre- 
sentative third-generation quarks and leptons in Figure 
8.) Their contribution to S-matrix elements (e.g. bo- 



<H> 




<H> 



<H> 



<H> 



FIG. 8. Graphs of third-generation quarks and leptons con- 
tributing to ^is'M+SMq&HH)/! - There are identical graphs for 
the other two generations. 



son and fermion propagator tadpole insertions) can be 
incoroporated via a 1-loop 1-point tadpole Lagrangian 



(Figure 7) in L\J^J^^ by Clebsch-Gordon co- 
efficients and combinatorics. The total UV-QD 1-loop 
Lagrangian is 



L 



'sMqSzl = (P9A +P9B +P10 + Pll) X (E6) 



1 — loop,A 
LSM- 

xA 2 (h l 2 + ^*l + it + it- + (H)h 



^iUnrenorm;l — loop-,A a2 f *f^, /tr\2 
U LY,M+SMq&l A l Vy?_ 2^ ' 



with 



CUnrenorm:l — loop;A / , , \ 

LVM+SMqkl = [P9A + P9B + PW + Pll) ■ 



^LSM+SMg&/°° P A is a constant. With quark and lepton 
masses-squared mf = ^y 2 (H) 2 , the coefficient in Eq. E6 



can famously [6] be written 



f~tUnrenorm;l — loop\A a 2 
LY,M+SMqhl A 



(E7) 



A 2 



(where the sums are over flavor and, for the quarks, 
color). 




= (tiA + tiB +U + t 6 ) A 2 h . (E4) 

But explicit calculation shows [6, 38, 39] that the UV-QD 
in each of the 1-loop 1-point tadpole diagrams in Figure 
8 is proportional to the UV-QD in its associated 1-loop 
2-point Higgs self-energy diagram in Figure 7, so that 




L 



l — loop:l—point\A 
LSM+SMqScl;(H)h 



{P9A +P9B +P10 + Pll) A 2 (H)h . 



(E5) 

Furthermore, the UV-QD contribution of each of the 
1-loop 2-point 7T37T3 neutral pseudoscalar self-energy di- 
agrams (Figure 9) in ^isM+SAfg&^trs ' and of each of 
the 1-loop 2-point 7r + 7r_ charged pseudoscalar self-energy 

diagrams (Figure 10) in iisM+SM^St^- ' are related 
(by explicit calculation and 0(4) symmetry) to their as- 
sociated 1-loop 2-point hh Higgs self-energy diagrams 




FIG. 9. Graphs of third-generation quarks and leptons con- 
tributing to ^isA/TsMq&i^a ' There are identical graphs for 
the other two generations. 
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FIG. 10. Graphs of third-generation quarks and leptons con- 
SMq&?7r' + 7r ■ There are identical graphs 
for the other two generations. 



tributing to L 1 L ^° P ' 2 



Now write the bare scalar-sector Lagrangian 

r ;zjivi ~tjiv± qoct,\i? 

l« <Tv|2 1 

' LSM+SMqSzl 



J LZM+SMq&zl;<5> 

-\d^\ 2 - 

r Bare;A 2 



(E8) 



V, 



LUM+SMq&zl 



A 



and form the scalar sector 1-loop-UV-QD-improved ef- 
fective Lagrangian, including 1-loop 2-point self-energies 
and 1-loop 1-point tadpole UV-QD (but ignoring un- 
interesting logarithmically divergent and finite contribu- 
tions and vacuum energy /bubbles): 



- Effective;^ 2 
J LY,M+SMq&,l;<S> 



(E9) 



LY,M+SMqhl;® 



L 



l-loop;A 2 
LSM+SMqSzl 



v, 



Renorm\A 



LEM+SMq&d 



with 



V 



R.enorm\A 
LXM+SMq&l 



1 



(E10) 



7T§ + 7T + 7T_ + (H)h 



1 tt;N GB-L'SM+SMq&cl 



\h 2 + \-Kl+-K+K- + {H)h 



Focusing on the Goldstone-mode, impose 
Lee/Symanziks two Goldstone-mode UV-QD renor- 
malization conditions, i.e. the GMRP: 



and 



w = u 

m -K;LT.M+SMqhl = 

- Effective;l — loop;A 2 
- 'Goldstone;LSM+S Mq&cl;<S> 

= -\d^\ 2 - \ 2 (V$-^/ 2 



(Ell) 
(E12) 

(E13) 



1 



with 



m -K-NGB:LT,M+SMq&cl 

= -\ 2 5(H) 



a 



U nrenorm;l — loop;A 
Goldstone;LT,M+SMqZd 



(E14) 
A 2 



as well as 



and 



H = h + U;(h)=0. 



2A 2 / 2 



(E15) 



(E16) 



Comparison with Eq. 25 reveals that the scalar sector 
effective Goldstone-mode 0(4) LSM Lagrangians and 
Higgs mass are unchanged by UV-QD quantum loops 
with virtual SM quarks and leptons: 



- Ef fective:l — loop;A 



j E f fective:l — loop;A /rp-i ry\ 
J Goldstone;LY.M+SMq8zl;<& ~ ^Goldstone-LSM l m ' J 

These results generalize to all-loop-orders. 



